TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 280, Number 2, December 1983

ON CERTAIN SUMS OF FOURIER-STIELTJES COEFFICIENTS
BY
J. B. TWOMEY

ABSTRACT. We obtain estimates for certain sums of Fourier-Stieltjes (and hence also
Fourier) coefficients of continuous functions f of bounded variation in terms of the
modulus of continuity of f. As a consequence of one of our results we obtain an
improvement on a theorem of Zygmund on the absolute convergence of Fourier
series of functions of bounded variation. We also consider absolutely continuous
functions and show by examples that a number of the results we obtain are *“best
possible”.

1. Introduction. We shall be concerned with BV, the class of (complex-valued)
functions f which have bounded variation on [0,27], are continuous there and are
defined for all x by the condition

f(x+27) — f(x) = f(27) — f(0), —00 < x < 00,
and also with AC, the subclass of functions in BV that are absolutely continuous.

Throughout the paper we denote by ¢, = ¢,( f) the nth Fourier-Stieltjes coefficient
of a function f € BV, that is,

— 1 2 —int g, - —+ -+
C"_27r/(; e ™df(t), n=0,+1,+2,..

For § > 0 we also write

w(8) =w(s, f)= Sup{lf(xl) _f(xz)l ey =< 8}’

so that w is the modulus of continuity function of f.

We have the following classical result of Wiener [1, Vol. 1, p. 212; 8]:

Let f € BV. Then

n
(1.1) > Ick|2<Kanw(n"'), n=1.
k=-n

Here and throughout K, K, and K, denote absolute positive constants, not usually
the same at each occurrence, and V; denotes the total variation of f over [0,27]. In
this paper we derive an inequality which is stronger than Wiener’s result, obtain a
refinement of (1.1) for functions in AC, and derive a number of inequalities similar
to (1.1) for certain other sums of Fourier-Stieltjes coefficients. As a corollary to one
of our results, we obtain an improvement of a theorem of Zygmund on the absolute
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convergence of Fourier series of functions of bounded variation. We also show by
examples that a number of the results we obtain are “best possible™.

2. Some definitions and lemmas. A nonnegative function vy, defined on (0, c0), is
said to be a function of continuity modulus type, and we write ¢y € CMT, if
(1) ¥ 1s increasing on (0, o0),
(i) Y(8) - 0(8 - 0" ), and
(iii) Y(n6) < nyY(8) for every § > 0 and every positive integer n.
LEMMA 1. Let y € CMT. Then, if 0 <s <1,

(2.1) () < 257 'Y(s).
PROOF. Let k be the positive integer for which ks < ¢ < (k + 1)s. Then, by (i) and
(111) above,

(1) < (ks) Wk + 1)s) < (ks) (K + Dy(s) <257y(s).

Since, trivially, w € CMT for the modulus of continuity function w of a function
f € BV, it thus follows that, for such an w,

(2.2) tw(r) <2s7'w(s), 0<s<ut.
We define the convolution function f* for f € BV by
1 27 —_—
* - —
(2.3) £4(x) 277/0 fx+0)df(1), -w<x<w.

Clearly f* € BV. For f € BV we also write
n(8. f) = sup{|f(x) — f(0)] : 0 < x < §}.
LEMMA 2. Let f € AC and suppose 8 'w(8, f) — o (8§ = 0"). Then
p(d./*) =o(w(d. f)). 8-0".
PROOF. Let

[+ h) — /(1)

fny = LRI gy = D

w(hl f)’
for rin [0,27] and A # 0. Clearly
(24) [F(n)]<1

for + in [0,27] and & # 0. Since f € AC, there exists g € L(0,27) such that
f,(1) — g(t) a.e. as h — 0, and it follows, since h~'w(| k|, f) = oo (h — 0), that

(2.5) F,(t) -0 a.e.ash—-0.

Now
2a*(x) =f02”f<x +1)df(0) =f02"f(x +1)g(0) de

so, forh > 0,

[f*(h) = f*(O)] _ f2- -
27 w5 ) —fo F,(t)g(r) dr



SUMS OF FOURIER-STIELTJES COEFFICIENTS 613

and, by (2.4), (2.5) and Lebesgue’s dominated convergence theorem, this last integral
tends to 0 as & — 0" . The required result follows immediately from this and the
monotonicity of w.

Forn = 1and f € BV, we set

0,,()() = 0"(X, f) = (n_l)(s() + SI + e +S"_])
where
n
s,=s,(x, f)= 2 ce*, n=20,1,2,...,
k=-n

so that o,(x) is the nth Cesaro mean of the Fourier-Stieltjes series of f.

LEMMA 3. Let f be an increasing function in BV. Then, for each x in [0,27] and
n=1,

(2.6) K,n[f(x +n) = f(x — n")] <o,(x) < K,nw(n™', f).

PROOF. For n = 1 set

s 200
sin” s nt
F(t)=——=—, t=0(mod2),
n 2]
nsi® 5t
=n, otherwise.

Then F, is the Fejer kernel of degree n and, by a familiar formula,
2mo,(x) = [ F(x = 1) df(1) = [ F(1)dg,(1)
- 0

for n = 1, where
o (1) =flx+1) —f(x—1)

for all x and ¢. It is readily shown that, for0 <t <n"', F,(t) = Kn and hence
1/
2mo,(x) = [V"E,(1) do(1) = Kng (n")),
0

where we have used the monotonicity of f. This gives the left-hand inequality of
(2.6).
We note next (see [5, p. 62]) that if « is a suitably chosen constant, and

G,(t) =an/ (1 + n%t?),
then F (1) < G,(1),0 <t <=, and

(2.7) [iGi(0)|ar < k.
0
Hence
270,(x) < [ G,(1) d(1),
0
and integrating by parts we obtain

276,(x) < G,(7) () — f()"¢x(t)c;,;(z) dr.
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Clearly,

1G,(m)o(m)| < an” (27, f) < abma(n”!, [ )
by (2.2). Also, since G,(t) < 0 fort = 0,

—qusy(t)G,;(t)dt < [[e@t. N[-G(0)] a
w(2n")/l/" G)(t)] dt + 2nw(2n" ')f t[ “(1)] dr
<2w(n")G,(0) + dnw(n” ')/ ] 4t

where we have again used (2.2). The right-hand inequality of (2.6) now follows from
this and (2.7).

REMARK. It can be shown that the right-hand inequality of (2.6) holds for every
f € BV. The result proved here is sufficient for our purposes, however.

We make two final definitions. We write BV*" (AC*) to denote the subclass of
functions in BV (AC) for which ¢,(f) = 0 for every n and, for y € CMT, we write
H[y] to denote the class of all functions f € BV satisfying w(8, f) < Ky(6§), 6 > 0.

3. Results. We begin with a result for the class BV™* .
THEOREM 1. Let f € BV™ . Then, for n =

(3.1 2 c,\SKn[p,(n",f) +"0’7_]]~

hk=-n
PROOF. Let f € BV™ and set
F(x) = f(x) — cyx x €[0.27].
Then F € BV and F(27) = F(0), since 27rc(, f(27) — f(0). Hence, for k # 0,

f’ e—ik.\'F(x)dx =ik~ f e—lA,\' df(x) — 27rik—|(,/“
0 0

and, since Re F is a continuous periodic function of bounded variation, its Fourier
series, namely
%ao — 2 (c¢; + c_y )k sin kx,
k=1
converges to Re F(x) for all x. In particular, a, = 2 Re F(0). Since Fourier series can
be integrated term-by-term, we have (cf. [2, p. 469])
v ool
Ref [F0) — F(t)] dt = 3 a,k*(1 — cos kx)
0 k=1

o
=2 3 a.kZsin® tkx,
k=1

where a;, = ¢, + ¢_,, k = 1. Hence, for x = 0 and every integer n = 1,

2 2 o, k2 sin® Tkx <f |F(0) — F(1)|dt < xp(x, f) + cox?.
k=1
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Taking x = n~' and using the inequalities sin(k/2n) = k/nm, 1 < k < n, we obtain

n
23 oy <nn? p(n', f) + ]
A=

This proves the theorem.
If f€ BV, then the convolution function f* € BV* since ¢,(f*) =|c,(f)
n=0,=1, =2,... [11,Vol 1, p. 40]. Our second theorem thus follows immediately.

THEOREM 2. Let f € BV and let f* be defined by (2.3). Then

(3.2) é I"/.(f)|2<K”[N("_I~f*) +”_I|C0(f)'2]~ n= 1

A=-n
We note that (3.1) implies, for f € BV*,

n

(3.3) 2 alf)<Kno(n'.f) (n=1)

A= -n
sinceu(n™", f) < w(n”', f)and
27¢, = f(27) — f(0) < w27, f) < 4dmnw(n', f),

)
by (2.2). Similarly, since 27w(8, f*) < Vfw(& f), 6 >0, (3.2) implies Wiener’s result
(1.1).

Inequality (3.2) has an interesting corollary for Fourier series of functions of
bounded variation. To derive this let g be a continuous periodic function of period
27 that has bounded variation on [0.27]. Then g € BV and the complex Fourier
coefficients (g,) of g satisfy kg, = ic,(g). k an integer. Hence, by (3.2) and the
Cauchy-Schwarz inequality,

n

n
T klal= T lelg)l< Kn[p(n', g)]"”,
Ao k=1
and since, by partial summation,
A

S lal= S [kik + 1)]"( S mig,)
Aol A1

m=1

+(n+1)" 3 Kzl
k=1
for n = 2, we deduce immediately that 25, | g, |< oo if the series
ool
(3.4) S k' u(k, g*)]"”
k=1

converges. Combining this with a similarly proved analogous result for the Fourier
coefficients of negative index, we obtain

COROLLARY 1. If a function g € BV is periodic with period 2w and is such that the
series (3.4) converges, then the Fourier series of g is absolutely convergent.

The well-known theorem of Zygmund [11, Vol.2, p. 160] that the absolute
convergence of the Fourier series of a periodic function g € BV is implied by the
convergence of the series

(3.5) S k' [u(k, g)]"”

k=1
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clearly follows from this corollary since convergence of (3.5) implies convergence of
(3.4). We show that Corollary 1 is stronger than Zygmund’s theorem by construct-
ing, at the end of §5, a periodic function g € BV for which (3.5) is divergent while
(3.4) is convergent. In relation to Zygmund’s result, we remark that the condition
imposed on the modulus of continuity function has been shown to be best possible
[3] (see also [9, 10]).

Our second corollary to Theorem 2 shows that Wiener’s result (1.1) can be
strengthened for the class AC.

COROLLARY 2. Let f € AC and suppose nw(n™', f) — o (n —» ). Then

n

(3.6) S lof = o(na(n. f). 1.

A=-n
Equivalently, if ¢ is any integrable periodic function of period 27 with complex Fourier
coefficients (&)A ), then

n

S b = o(ne(n . @), 1 co.

hk=-n

if no(n~', ®) — oo (n = o0), where ® is an indefinite integral of ¢.

PrROOF. Estimate (3.6) is an immediate consequence of (3.2) and Lemma 2. The
second part of the corollary then follows from the identities c,(®) = ¢,. k any
integer.

REMARK. (3.6), for the special case of increasing functions in AC, can also be
deduced from results in [7].

The next result we state is readily deduced from (3.3) once it is noted that, for
f € BV,27|c,|< V;, n any integer, while, for f € AC, ¢, = 0 (|n|— o0), since (c,) is
then the sequence of Fourier coefficients of the integrable function f’.

THEOREM 3. If f € BV then, for every A = 1,

(3.7) 2 a<KV}'ne(n'.f), n

=1
k=-n
Iff€ ACY andnw(n™', f) — o0 (n — ), then
(3.8) > aa=o(nw(n' f)), n- oo,

k=-n

for every A > 1.

Obviously, because of (3.1), we can replace w(n™', f) by p(n™', f) + con™' in
(3.7) and by p(n~', f)in (3.8) if nu(n~", f) = oo (n — o0). However, as estimates in
terms of the modulus of continuity function, each of the inequalities (3.7) and (3.8) is
best possible within its class for every A > 1 however large. We prove this in §4
(Theorems 6, 7) with the help of some examples of Salem. In §5 we show that (3.7)
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with A = 1 is the best possible result of its kind even for the class AC* by proving

THEOREM 4. Let € CMT be such that ny(n"') - o0 (n — o0). Then there exists
f € AC* NH[Y] for which

n

(3.9) > c,(f)=Kny(n"') foreveryn=1.

k=-n
It is clear, because of (1.1), (3.6), and the inequalities 27 | ¢, |< V; (f € BV, k any
integer) that, with ¢} replaced by |¢,|*, (3.7) and (3.8) hold, respectively, for all
f€ BVandallf € AC forevery A = 2. For 0 <A <2 and f € BV, (1.1) implies

n A ) A2
> el SK()\)V/)‘/zn[w(n LOYE S n=,
k=-n
since the means [(2n + 1)7'S__, |c,|*]'/* increase with A in (0, c0). (Here, and in
the next section, K(-) denotes a positive constant which depends only on the
displayed parameter.) Similarly, (3.6) implies that if 0 <A <2 and nw(n™', f) —» o
(n — o0), then

n

(3.10) > |ck|)\ = o(n[w(n", f)]}‘/z), n- o,

k=-n
for f € AC. In the opposite direction to (3.10) we have

THEOREM 5. Let € CMT and also suppose n'/>y(n') > oo (n - 0). Let (&(n))
be a decreasing sequence of nonnegative numbers satisfying e(n) — 0 (n — o). Then,
for each A € (0,2), there exists f, € AC N H[Y] for which

lim sup{( é |ck(fx)[}‘)/e(n)n[\lx(n")])‘/z} > 0.
n— P

This theorem may be proved using some examples of analytic functions of class &
constructed in [6]. A function A analytic in the unit disc U = {z: |z|< 1} of the
complex plane belongs to & if A(0) = 1 and Re k(z) > 0 for z in U. By a result of
Herglotz [4,p. 3], if h € P, there is a function f increasing on (-0, 00) with
f(t + 27) — f(¢) = 1 for all ¢ in (- 00, o0) such that

oc

W) =[S ) =1+ 4n 3 e (1)

n=1

for z in U. The function f is continuous if (1 — r) A(r, h) — 0, where, for0 < r < 1,
A(r, h) = sup{Reh(z): |z| = r},
and we then have, in fact,
w(8, f)<84A(1—68,h), 0<6<],

(cf. left-hand inequality of (2.6)). Using these simple facts it is not too difficult to
show that the examples of functions in % constructed in [6] to prove Theorem 2 of
that paper can be adapted to prove Theorem 5 here. We leave the details to the
reader.
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4. Counterexamples for Theorem 3. In the opposite direction to (3.7) we now
prove

THEOREM 6. Let € CMT be such that ny(n"') = oo (n — ). Then there exists
f € BVt NH[Y] for which

n

(4.1) > ck(j"o)'\ZK()\)nx[/(n") for every n, A = 1.
k=1

PROOF. We show that our theorem follows easily from some results of Salem [8, 9].
Let the function ¢ be given as above. Let @, be a continuous increasing function on
[0,27] of the type defined in [8,p. 75] and let f)(x) = ®,(x + 7), x € (-0, 00),
where we assume @, is defined for all x by the condition ®,(x + 27) — ®,(x) = K.
Then f, € BV, ¢,(f,) = (—l)kck((l)z) = 0 for all k, and the argument used to prove
Lemma 1 in [9] with only minor changes shows that ®, can be constructed so that
w(8, fy) = w(8, ®,) = O(¥(§)),8 - 0", and

n

2 . 2 -
(4.2) 2alh) =2 lex(®,)] = Kny(n™)
k=1 k=1
for every n = 1. This gives (4.1) for the case A = 2. Next suppose ¢ > 1 and set
p=4q/(q— 1)sothatp™' + g~' = 1. Then, by (4.2) and Holder’s inequality,

n n 1/p n 1/q
knv(r) < 3 (00 = [ S aln)] | 2 a)]
A=1 k=1 k=1
s0, by (3.3), we have, forn = 1,

n

S ()7 = K(@)[np(n )] = K(g)ny(n).

k=1
Since ¢,( f,) = O(1), k — oo, this implies (4.1) for all A =1 and the proof of
Theorem 6 is complete.

We note that if f € BV and (y(n))F is an arbitrary convex sequence tending to 0,
then [11, Vol. 1, p. 179] there exists g € AC such that ¢,(g) = y(|n|)c,( f) for every
integer n, and we further have [9. Remark II, p. 31] that w(g, §) < Kw(f,8),6 > 0.
The next theorem, which shows that (3.8) is the best possible estimate of its kind for
the class AC for every A > 1, is thus an easy consequence of Theorem 6.

THEOREM 7. Let the function { be defined as in Theorem 6 and let (e(n)) be an
arbitrary sequence of nonnegative numbers tending to 0 as n — oo. Then, for every
A > 1, there exists g, € AC* N H[{] for which

n

2 Ck(gx))\ = K(N)e(n)ny(n™"') for everyn=1.
k=1

5. Proof of Theorem 4. The proof of the theorem depends on

LEMMA 4. Let  be as in Theorem 4. Then there is a convex sequence (b,)T of
nonnegative numbers tending to O such that

(5.1) ny(n') < é b, < Kny(n™') forn=1.

m=1
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PROOF. We note first that, since ¢ € CMT, (2.1) implies

(5.2) py(p™') <2q¥(q™").
if p, q are positive integers with ¢ = p.

We define an increasing sequence (n, ){° of positive integers inductively as follows.
Let n, = 1 and, for k = 1, choose n,,, to be the least value of the integer N for
which Ny(N ') > 2n,¢(n;"). Such a choice is possible as ny(n™') — o (n — o).
Then, for k = 1,

(5.3) np(n) <2md(n'),  me<n<ng,,
and

(5.4) nea(niy) > 2n(ng).

We now set

d, =y(1), dm:‘l/(nl_(:»l)’ n<ms<n ., k=1

Then (d,,)T is a decreasing sequence tending to 0 and, by (5.2)-(5.4), we have [1,
Vol. 2, pp. 175-176]

(5.5) ’2' d, <Kny(n') forn=1.

m=1

Alsoforn, <n<mn,,,andk =1,

ny

2 dm> 2 dm>”k¢’("l;I)

m=1 m=1

so, by (5.3),

n 1
(5.6) > dm>§nzp(n") for everyn = 1.
m=1
We next write, form = 1,
oC
b,=2e X e "/*Ad,
k=1
where Ad, = d, —d, ., for k = 1. (I am indebted to A. W. Norton for bringing this
sequence to my attention some years ago.) It is easily verified that (b,,) is a convex
sequcnce decreasing to 0 as n — oo and, form = 1,

< oc
b,=2e ) e ™ Ad, =2 Y Ad,,
k=m k=m
that is,
(5.7) b,=2d, form=1.
Furthermore,

b,<2e Y e ™*Ad, + 2ed,,
k=1
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and, since, forn = 1,

m

S SemAd, = 3 Ad, Y e r<e Y Ad (1 —e 't )_I

m=1k=1 A=1 m=Ah A=1

<2 3 kAd, <2 Y d,,
k=1 k=1

it follows that

(5.8) Sb,<KYd, forn=1,

m=1 m=1
Clearly, (5.1) now follows from (5.8), (5.7), (5.6) and (5.5), and the proof of Lemma
4 is complete.

Now let (b,)7° be the sequence obtained above and set b, = 2b,. Then (b,)7 is a
convex sequence tending to 0 and, hence [11, Vol. 1, p. 183], there is a nonnegative
27-periodic function & € L(0,27) such that 15, + 27°b, cos nx is the Fourier series
of h. If we write

f(x):fo"'h(z)d;, X € (~00. %),

then the increasing function f belongs to AC, ¢,(f)=b, and c_, =c¢, (n=
0,1,2,...), and, by the left-hand inequality of (2.6),

n n

Kinw(n™', f)<sup{o,(x.f):0<x<27}) <2 b, <6 X b,.
k=0 k=1

since b, = 2b,. It now follows from the right-hand inequality of (5.1) that w(n~', f)
< Ky(n™"), n =1, from which we readily deduce that f € H[{]. Since the left-hand
inequality of (5.1) gives (3.9), the proof of Theorem 4 is complete.

We finish by showing, as promised in §3, there is a periodic function g € BV for
which (3.5) is divergent while (3.4) is convergent. To do this we define a sequence
(a,)F as follows:

ay =3, a,=[log(n+ 1)]7, n=1.

Then («,) is a convex sequence tending to 0 and so, as we have noted earlier, there is
an increasing function g € AC for which ¢,(g) = a, and c_,(g) =c,(g), n=
0,1,2,.... Also, by the right-hand inequality of (2.6) and the monotonicity of w,

ot ) 2= 3 (1= )ep

k=-2n

l n n .
= 52%(8) = Yo, =K nllog(n + 1)]7
i

-n
by an elementary estimation. Hence

w(n", g) = K[log(n + 1)]_2.

3
\%
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and (3.5) diverges as required. Since ¢,(g*) =|c,(g).n =0, =1, £2,..., it follows
easily by arguments similar to those used above involving the left-hand inequality of
(2.6) that

\%

w(n'. g*) < K[log(n + )], n

(3.4) therefore converges and we are finished.
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